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We theoretically study the occurrence of Bloch oscillations in biased hybrid graphene systems
with spin-dependent superlattices. The spin-dependent potential is realized by a set of ferromag-
netic insulator strips deposited on top of a gapped graphene nanoribbon, which induce a proximity
exchange splitting of the electronic states in the graphene monolayer. We numerically solve the
Dirac equation and study Bloch oscillations in the lowest conduction band of the spin-dependent
superlattice. While the Bloch frequency is the same for both spins, we find the Bloch amplitude to
be spin dependent. This difference results in a spin-polarized ac electric current in the THz range.
PACS numbers: 72.80.Vp, 72.30.+q, 85.75.Mm
According to the theoretical work by Esaki and
Tsu,1 negative differential resistance in biased super-
lattices (SLs) signals the occurrence of Bloch oscilla-
tions (BOs).2,3 One of the main obstacles for the real-
ization of an active Bloch oscillator is the instability of
the electric field, which results in the formation of electric
domains. Savvidis et al. found that these domains appear
to be suppressed in a InAs/AlSb super-SL composed of
many very short segments of SL, interrupted by heavily
doped InAs regions.4 The stabilization of the electric field
in semiconductor SLs can also be achieved by application
of the cleaved-edge overgrowth technique.5 In any way,
the suppression of the electric domains in semiconductor
SLs requires fairly complex designs.
Graphene SLs may easily overcome the instability of
the electric field since the back gate voltage induces
a uniform population of the quantum wells. In ad-
dition, the carrier density can be varied over a wide
range. Patterning graphene at the nanometer scale
can be achieved by hydrocarbon lithography,6 chemical
functionalization,7 or He ion lithography,8 which opens
a possibility to fabricate these SLs. Graphene SLs have
recently been a focus of interest to study a variety of
quantum phenomena.9–12 Dragoman and Dragoman pro-
posed a SL obtained by patterning an array of metallic
electrodes on gapless graphene, where BOs of up to tens
of terahertz can be generated due to the low scattering
rate in graphene.13 In their design the metallic electrodes
are inclined with respect to the current flow to minimize
Klein tunneling. Negative differential resistance and the
Wannier-Stark ladder regime in semiconducting armchair
graphene nanoribbon (GNR) SLs has been investigated
by Ferreira et al.14 When the gap of the GNR is small,
besides conventional BOs, multiple Zener tunneling be-
tween the coupled electron and hole branches leads to
distinct coherent oscillations.15
Spin-related and magnetic effects are of special inter-
est for their relevance in spintronics.16–20 Recently, we
proposed a hybrid SL realized by EuO ferromagnetic in-
sulator strips deposited on top of a GNR.21 These strips
induce a proximity exchange splitting of the electronic
states in graphene,22 resulting in the appearance of a
SL with a spin-dependent potential profile. The elec-
tric current through the hybrid SL can be highly polar-
ized and manifests spin-dependent negative differential
resistance.21
In this paper we investigate the high-frequency dynam-
ics of electrons in a hybrid SL formed by a periodic ar-
rangement of ferromagnetic strips grown on top of an
armchair GNR. As mentioned above, the ferromagnetic
strips induce a spin-dependent potential. Therefore, we
expect spin-dependent BOs when the hybrid SL is sub-
jected to a voltage drop between the source and the drain.
We find that the Bloch frequency agrees with the semi-
classical prediction and that the Bloch amplitude does
so for sufficiently wide wave packets. Interestingly, as it
occurs in the case of Bloch oscillators based on semicon-
ductors, the present design also generates electric cur-
rents in the THz range. However, the amplitude of the
BOs are spin dependent and consequently, the generated
ac electric current is spin polarized.
The hybrid system consists of a rectangular GNR of
width W , connected to source and drain leads, on top
of which there are N ferromagnetic insulator strips of
width wa, with the spacing between them being wb [see
Fig. 1(a)]. We restrict ourselves to GNRs with armchair
edges hereafter. Experimental evidences23 and ab-initio
calculations24 show that the energy spectrum presents a
gap inversely proportional to the width W , depending on
the remainder (2W/a0 mod 3), where a0 = 0.246 nm is
the lattice constant, namely the width of the graphene
lattice hexagon. Contrary to GNRs with zigzag edges,
the dispersion relation of the armchair ones is centered
around k = 0, making the resonant levels broader and
less affected by disorder.25
The proximity exchange interaction between magnetic
ions in the strips and charge carriers in the GNR can be
described as an effective Zeeman splitting ±∆ex of the
spin sublevels.22 We use ∆ex = 8 meV as a typical value;
we have checked that our results do not change qualita-
tively if we use a different value of ∆ex within the range of
a few meV. The proximity exchange interaction has the
characteristic length scale of one atomic layer. Therefore,
the splitting is induced only in the regions of the GNR
directly below the ferromagnetic strips. Consequently, a
spin-up (spin-down) electron propagating along the sam-
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2FIG. 1. (a) Sketch of the setup: The GNR is connected
to source (S) and drain (D) leads, with N = 5 strips of a
ferromagnetic insulator on top of it. (b) Potential profiles
for spin-up (dashed red lines) and spin-down (dotted blue
lines) electrons in the biased device. (c) Honeycomb lattice
structure and edges of the GNR. (d) Brillouin zone of the
honeycomb lattice with the Dirac points K and K′ (blue)
and two states (red) whose superposition fulfills the boundary
conditions if k⊥ is chosen correctly.
ple will be subjected to a potential comprising a periodic
set of rectangular barriers (wells), as plotted in Fig. 1(b).
For not too narrow GNRs, the low energy excita-
tions can be treated very efficiently within the Dirac
approximation.26 The wave function on each sublattice
α = a, b is expanded around both Dirac points K and
K ′ = −K, which are also referred to as valleys,
φα(r) = e
iK·rψ+α (r) + e
−iK·rψ−α (r) . (1)
In coordinates where K points lie in the y direction [see
Fig. 1(d)] the Dirac equation reads
i~
∂
∂t
(
ψ±a
ψ±b
)
=
( V(x) vF(−ipˆx ∓ pˆy)
vF(ipˆx ∓ pˆy) V(x)
)(
ψ±a
ψ±b
)
.
(2)
Here, vF = 3t0a0/2 = 10
6 m/s is the Fermi velocity in
graphene, with t0 being the nearest-neighbor hopping en-
ergy in the honeycomb lattice. In y direction, the bound-
ary conditions require the wave function to vanish on the
(fictitious) sites just outside the GNR, i.e., at y = 0 and
y = W+a0, where the y axis is perpendicular to the direc-
tion of the GNR, whose lower edge is located at y = a0/2
[see Fig. 1(c)]. In the present case of armchair GNRs,
boundary conditions are fulfilled by a superposition of
two states from different valleys with the same longitu-
dinal wave function but with opposite transverse wave
number: ψ±α (x, y) = exp(±ik⊥y)fα(x). The possible val-
ues of k⊥ depend crucially on the width W of the GNR
and on (2W mod 3a0).
27,28 In the gapped cases, which
are of interest here, the lowest value is k⊥ ≈ pi/3W . The
transverse part of φα is a rapidly varying standing wave
of the form sin[(K + k⊥)y]. The longitudinal wavefunc-
tion fα(x), on the contrary, varies smoothly. Its equation
of motion is a one-dimensional Dirac equation
i~
∂
∂t
(
fa
fb
)
=
( V(x) ~vF(−∂x − k⊥)
~vF(∂x − k⊥) V(x)
)(
fa
fb
)
.
(3)
For a constant potential V, the solution of the one-
dimensional Dirac equation in terms of plane waves
is straightforward. For piecewise potentials, the solu-
tions can then be matched together by transfer-matrix
techniques.21 Due to nonlinear dependence on E −V(x),
however, the analytical treatment is difficult. Here, we
pursue a different approach and seek to diagonalize the
stationary version of (3).
The Dirac equation (3) couples fα to the first deriva-
tive f ′α¯ of the respective other sublattice. Thus, it
is convenient to sample fb on points that lie just be-
tween the points where fa is sampled and to collect the
data in an alternating array gj with g2n = fa(2nd),
g2n+1 = fb
(
(2n+1)d
)
and discretization step d. The sta-
tionary one-dimensional Dirac equation (3) then becomes
a one-dimensional tight-binding equation of motion with
alternating hopping energies
E − Vj
~vF
gj = (−1)j gj+1−gj−1
2d
− k⊥ gj+1+gj−1
2
, (4)
where Vj = V(jd). The last term comes from interpo-
lating the wave function on the opposite sublattice for
fb(2n) = [fb((2n + 1)d) +fb((2n − 1)d)]/2 and similar
for fa
(
(2n+ 1)d
)
. For vanishing potential, the spectrum
of (4) as a function of the longitudinal momentum k is
E±(k) = ±~vF
[
k2⊥ cos
2(kd) + d−2 sin2(kd)
]1/2
, (5)
with a gap opened by the transverse momentum k⊥. In
the limit d → 0, this goes over to the well-known Dirac
dispersion E±(k) = ±~vF(k2⊥ + k2)1/2. Eq. (5) holds for
low energies. The outer band edges ±~vF/d are artifacts
of the discretization and have nothing to do with the
band edges of the honeycomb lattice.
Figure 2 presents the numerically obtained band struc-
ture for the infinite untilted SL. While the central gap is
again due to the transverse momentum k⊥, the other
gaps are due to the SL strength ∆ex. Interestingly, the
widths of the bands B↑ and B↓ are different (1.53 and
1.26 meV for the chosen parameters, respectively). Since
the amplitude of the BOs depends on the bandwidth,
this difference will ultimately lead to the generation of
spin-dependent ac electric current.
We are now in position to numerically diagonalize the
Dirac equation. Keeping in mind the properties of the
untilted SL, d has to be sufficiently small, such that
the SL strength ∆ex is smaller than the bandwidth (5)
to avoid discretization artifacts, namely d  ~vF/∆ex.
Hereafter we take d = w/72 with w = wa +wb. We have
checked that the results are the same within the numer-
ical uncertainty for smaller values of the discretization
step. Moreover, in order to have electron and hole states
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FIG. 2. Band structure from (4) in the case of an infinite
untilted SL with W = 9.84 nm, ∆ex = 8 meV, wa = 23.9 nm,
wb = 83.0 nm, and discretization step d = w/72 = 1.48 nm
with w = wa + wb. (a) Full spectrum for a spin-up electron.
Panels (b) and (c) show enlarged views of the lowest conduc-
tion bands for spin up and down, respectively.
FIG. 3. Probability density of a subset of eigenstates from
the lowest conduction band (ν = 1 . . . 10) for the spin-down
electrons in a graphene SL of N = 20 wells, ∆ex = 8 meV,
eVSD = 5.5 meV, wa = 23.9 nm and wb = 83.0 nm. The
baseline indicates the energy of every eigenstate. The right
edge of the plot coincides with the edge of the SL.
well separated, the SL strength should not exceed the
gap of the homogeneous GNR, i.e., ∆ex  ~vFk⊥.
In order to explore BOs in the tilted graphene SL, we
consider a system of N  1 wells with a source-drain
voltage VSD applied across the whole sample. Then, the
energy spectrum of the graphene SL resembles the well-
known Wannier-Stark ladder, as shown in Fig. 3. This
means that the energy levels Eν become equally spaced
with level spacing eVSD/N and the eigenstates become lo-
calized with a similar envelope function. Only the states
at the very edge of the energy spectrum (see, e.g., state
labeled ν = 1 in Fig. 3) are influenced by finite size effects
since they are localized close to the boundaries of the SL.
In view of this energy spectrum, BOs are expected to oc-
cur in the device.
As initial state we consider the localized wave packet
of an electron excited to the lowest conduction band of
the SL. Thus, we take the state k = 0, as marked in
Fig. 2(b) and (c) by red dots, multiply it with a Gaussian
envelope of variance σ2 centered at x0 and normalize the
FIG. 4. Potential profile and the initial state (arbitrary
units) for spin-up (left) and spin-down (right) electrons in
the biased device. Blue and red lines correspond to fa and
fb, respectively. The parameters are the same as in Fig. 3,
but N = 80 wells, σ = 3w = 320.7 nm and x0 = 3.0µm.
wave function afterwards. In Fig. 4, the initial states
for the spin-up and spin-down electrons are shown in a
biased lattice of N = 80 wells. Hereafter the initial states
considered in the numerical simulations will be defined
with parameters σ = 3w = 320.7 nm and x0 = 3.0µm.
The time-dependent wave function is obtained from
the expansion of the initial wave function in the eigen-
states gνj of the tilted system as follows
gj(t) =
∑
ν
cν g
ν
j e
−iEνt/~ , cν =
∑
j
(
gνj
)∗
gj(0) . (6)
We study the electron dynamics by means of the time
evolution of the centroid of the wave function
X(t) = d
∑
j
j|gj(t)|2 . (7)
We also define the dimensionless current Js(t) ∝ 〈σx〉,
where σx is the Pauli matrix and s refers to the spin, as
Js(t) = − i
2
∑
i,j
gi(t)
∗(δi,j+1 − δi,j−1)gj(t) . (8)
The electric current is proportional to the dimensionless
current Js(t). In Fig. 5, the time evolution of the centroid
for spin-up and spin-down electrons and the net polarized
current J↑−J↓ in a biased device are shown. Both magni-
tudes are clearly oscillatory with a well defined frequency
of ω ≈ 0.1 THz, which agrees well with the semiclassical
estimate of the Bloch frequency ωB = eVSD/N~.
Figure 6(a) shows the amplitude AB of the centroid
motion as a function of the inverse of VSD for both spins
and two different values of σ. Notice that the wider
the wave packet, the better the amplitude approaches
the classical estimate AB
↑↓ = B↑↓w/~ωB, where B↑↓
is the band width of the lowest conduction band (see
Fig. 2). Our simulations recover the expected depen-
dence AB ∼ ω−1B ∼ V −1SD . More importantly, although
electrons with spin up and spin down perform BOs with
the same frequency ωB , the amplitude depends on the
particular spin state.
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FIG. 5. Time evolution of (a) the centroid of spin-up and
spin-down electrons and (b) the net polarized current in the
biased device. The current data has been downsampled to a
time resolution of 1 ps. Parameters are the same as in Fig. 4.
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FIG. 6. (a) Bloch amplitude of the spin-up and spin-down
electrons as a function of the inverse voltage 1/VSD. Solid
lines indicate the semiclassical prediction (infinite-width wave
packet). (b) Bloch amplitude as a function of the ratio be-
tween the width of the ferromagnetic strips and their spacing,
with the constraint wa + wb = 106.9 nm. The other parame-
ters are the same as in Fig. 4.
In Fig. 6(b), we study the impact of the geometry of the
device on the spin selectivity by plotting the amplitude of
the BOs as a function of the ratio of the spacing between
the strips and the width of the strips. No spin-dependent
effect is expected if the widths of both materials are the
same. On the contrary if one of the widths is much larger
than the other, the difference between the AB of both
spin states is increased. Indeed, it can reach a difference
up to 17 % within the considered range of parameters.
In conclusion, we have proposed a new design of
THz oscillator based on hybrid graphene SLs. A spin-
dependent potential acts on the electrons due to a set of
ferromagnetic insulator strips deposited on top of a GNR.
When subjected to a potential drop between source and
drain, the electrons excited to the lowest conduction band
perform BOs in the THz range. The frequency of the co-
herent oscillation is independent of the electron spin. On
the contrary, the Bloch amplitude may differ significantly
due to the different bandwidths for both spins. The dif-
ferent spatial extent of the electron motion in real space
yields a spin-polarized ac electric current in the THz do-
main. The resulting ultrafast magnetization could be
detected with THz emission spectroscopy.29
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